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Abstract

Sensor placement or selection is one of the most challenging unsolved problems in engineering. Op-
timizing sensor placement to characterize a high-dimensional system is critical for the downstream
tasks of prediction, estimation, and control. The central focus of this paper is to select the best and
fewest measurement locations for reconstruction in a given basis. This goal implicitly assume that
the high-dimensional state has a compact representation in some known basis, and this inherent com-

pressibility enables sparse sensing. We compare two leading perspectives: 1) compressed sensing with
random measurements in a universal basis (Fourier, wavelets, etc.), and 2) optimized measurements
in a tailored basis, leveraging the ability of machine learning to exploit patterns in data. We synthe-
size concepts from sensor selection and model reduction to find the fewest sensors for recovery in a
data-driven proper orthogonal decomposition (POD) basis. Optimized sensors are efficiently chosen
using QR column pivots of the POD basis. Sensors obtained through this method are shown to sur-
pass the performance of random sensors in the reconstruction of high-dimensional states in several
compelling real-world datasets. Reducing the number of sensors through principled selection may be
critically enabling when sensors are costly, and may also enable faster state estimation for low latency,
high bandwidth control. MATLAB code is provided for all examples.

Notation Scalars
n State dimension
m Number of snapshots
p Number of sensors (measurements)
r Intrinsic rank of tailored basis r

K Sparsity of state in universal basis 

Vectors
x 2 Rn High-dimensional state
y 2 Rp Measurements of state
a 2 Rr Tailored basis coefficients
s 2 Rn K-sparse basis coefficients
 2 Rn POD modes (columns of r)

Matrices
C 2 Rp⇥n Measurement matrix
 2 Rn⇥n Universal basis
 r 2 Rn⇥r Tailored basis of rank r
⇥ = C Product of measurement and basis
X 2 Rn⇥m Data matrix
⌃ Diagonal matrix of singular values
V Matrix of right singular vectors

Optimal sensor and actuator placement is an
important unsolved problem in control theory.
Nearly every downstream control decision is af-
fected by these sensor/actuator locations, but de-
termining optimal locations amounts to an in-
tractable brute force search among the combina-
torial possibilities. Indeed, there are

�n
p

�
=

n!
(n�p)!p!

possible choices of p point sensors out of an n di-
mensional state x. Determining optimal sensor
and actuator placement in general, even for lin-
ear feedback control, is an open challenge. Instead,
sensor and actuator locations are routinely chosen
according to heuristics and intuition. This paper
discusses how to design optimal sensor locations
for signal reconstruction in a framework that scales
to arbitrarily large problems, leveraging modern
techniques in machine learning and sparse sam-
pling. Extensions to sensor and actuator optimiza-
tion for closed-loop control are also discussed. The
overarching sensor placement problem is summa-
rized in Panel 1.
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Panel 1: Mathematical formulation of sensor selection

Many physical systems are described by a high-dimensional state x 2 Rn, yet the dynamics evolve
on a low-dimensional attractor that can be leveraged for prediction and control. Thus, a state x that
evolves according to nonlinear dynamics ˙

x(t) = f(x(t)) will often have a compact representation in
a transform basis  . In a universal basis  2 Rn⇥n, such as Fourier or wavelet bases, x may have a
sparse representation:

x =  s s 2 Rn, (1)

where s is a sparse vector indicating which few modes of are active. In a tailored basis r 2 Rn⇥r,
such as a proper orthogonal decomposition (POD) basis, x may have a low-rank representation:

x =  ra a 2 Rr. (2)

The central challenge in this work is to design a measurement matrix C 2 Rp⇥n consisting of a small
number (p ⌧ n) of optimized measurements

y = Cx y 2 Rp, (3)

that facilitate accurate reconstruction of either s or a, and hence x. Combining (1) and (3) yields

y = (C )s = ⇥s, (4)

which is referred to as the compressed sensing problem, while combining (2) and (3) yields

y = (C r)a = ⇥a. (5)

In both cases, effective measurements C given a basis  or  r are chosen so that the operator ⇥ is
well-conditioned for signal reconstruction. Thus, it is possible to solve for the sparse coefficients s

or the low-rank coefficients a given the measurements y, either by `
1

minimization in (4) or pseu-
doinverse of ⇥ in (5), respectively. The goal of this work is to optimize the measurements in C.
Moreover, in many physical applications, it is desired that C consists of rows of the identify matrix,
corresponding to individual point sensors of individual components of x.

There are myriad complex systems that would
benefit from principled, scaleable sensor and ac-
tuator placement, including fluid flow control [1],
power grid optimization [2, 3], epidemiological
modeling and suppression [4, 5], bio-regulatory
network monitoring and control [6, 7], and high-
performance computing [8, 9], to name only a
few. In applications where individual sensors
are expensive, reducing the number of sensors
through principled design may be critically en-
abling. In applications where fast decisions are re-
quired, such as in high performance computing or

feedback control, computations may be accelerated
by minimizing the number of sensors required. In
other words, low-dimensional computations may
be performed directly in the sensor space.

Scaleable optimization of sensor and actua-
tor placement is a grand challenge problem, with
tremendous potential impact and considerable
mathematical depth. With existing mathematical
machinery, optimal placement can only be deter-
mined in general using a brute-force combinato-
rial search. Although this approach has been suc-
cessful in small-scale problems [10], a combinato-
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rial search does not scale well to larger problems.
Moore’s law of exponentially increasing computer
power cannot keep pace with this combinatorial
growth in complexity.

Despite the challenges of sensing and actuation
in a high-dimensional, possibly nonlinear dynam-
ical system, there are promising indicators that
this problem may be tractable with modern tech-
niques. High-dimensional systems, such as are
found in fluids, epidemiology, neuroscience, and
the power grid, typically exhibit dominant coher-
ent structures that evolve on a low-dimensional at-
tractor. Indeed, much of the success of modern ma-
chine learning rests on the ability to identify and
take advantage of patterns and features in high-
dimensional data. These low-dimensional pat-
terns are often identified using dimensionality re-
duction techniques [11] such as the proper orthog-
onal decomposition (POD) [12, 13, 14], which is
a variant of principal component analysis (PCA),
or more recently via dynamic mode decomposi-
tion (DMD) [15, 16, 17, 18], diffusion maps [19,
20, 21, 22], etc. In control theory, balanced trunca-
tion [23], balanced proper orthogonal decomposi-
tion (BPOD) [24, 25], and the eigensystem realiza-
tion algorithm (ERA) [26], have been successfully
applied to obtain control-oriented reduced-order
models for many high-dimensional systems.

In addition to advances in dimensionality re-
duction, key developments in optimization, com-
pression, and the geometry of sparse vectors in
high-dimensional spaces are providing powerful
new techniques to obtain approximate solutions
to NP-hard, combinatorially difficult problems in
scaleable convex optimization architectures. For
example, compressed sensing [27, 28, 29] pro-
vides convex algorithms to solve the combina-
torial sparse signal reconstruction problem with
high probability. Ideas from compressed sens-
ing have been used to determine the optimal sen-
sor locations for categorical decisions based on
high-dimensional data [30], including in fluid dy-
namics [31, 32]. Recently, compressed sensing,
sparsity-promoting algorithms such as the lasso re-
gression [33, 34, 35], and machine learning have
been increasingly applied to characterize and con-
trol dynamical systems [36, 37, 38, 39, 40, 31, 41,
42, 43, 44, 45, 46, 47]. These techniques have been

effective in modeling high dimensional fluid sys-
tems using POD [48] and DMD [49, 50, 51, 52]. In-
formation criteria [53, 54, 55] has also been lever-
aged for the sparse identification of nonlinear dy-
namics [41], as in [56, 57], and may also be useful
for sensor placement.

Thus, key advances in two fields are funda-
mentally changing our approach to the acquisi-
tion and analysis of data from complex dynam-
ical systems: 1) machine learning, which exploits
patterns in data for low-dimensional representa-
tions, and 2) sparse sampling, where a full signal can
be reconstructed from a small subset of measure-
ments. The combination of machine learning and
sparse sampling is synergistic, in that underlying
low-rank representations facilitate sparse measure-
ments. Exploiting coherent structures underlying a
large state space allows us to estimate and control
systems with few measurements and sparse actu-
ation. Low-dimensional, data-driven sensing and
control is inspired in part by the high performance
exhibited by biological organisms, such as an in-
sect that performs robust, high-performance flight
control in a turbulent fluid environment with min-
imal sensing and low-latency control [58]. They
provide proof-by-existence that it is possible to as-
similate sparse measurements and perform low-
dimensional computations to interact with coher-
ent structures in a high-dimensional system (i.e., a
turbulent fluid).

Here we explore two competing perspectives
on high-dimensional signal reconstruction: 1) the
use of compressed sensing based on random mea-
surements in a universal encoding basis, and 2) the
use of highly specialized sensors for reconstruction
in a tailored basis, such as POD or DMD. These
choices are also discussed in the context of feed-
back control. Many competing factors impact con-
trol design, and a chief consideration is the latency
in making a control decision, with large latency im-
posing limitations on robust performance [59, 60].
Thus, for systems with fast dynamics and complex
coherent structures, it is important to make con-
trol decisions quickly based on efficient low-order
models, with sensors and actuators placed strategi-
cally to gather information and exploit sensitivities
in the dynamics.
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1 Compressed sensing: Random
measurements in a universal basis

The majority of natural signals, such as images
and audio, are highly compressible, meaning that
when the signal is written in an appropriate coor-
dinate system, only a few basis modes are active.
These few values corresponding to the large mode
amplitudes must be stored for accurate reconstruc-
tion, providing a significant reduction compared to
the original signal size. In other words, in the uni-
versal transform basis, the signal may be approx-
imated by a sparse vector containing mostly ze-
ros. This inherent sparsity of natural signals is cen-
tral to the mathematical framework of compressed
sensing. Signal compression in the Fourier domain
is illustrated on an image example in Panel 2.

The theory of compressed sensing [28, 27,
61, 62, 63, 64, 29, 65] inverts this compression
paradigm. Instead of collecting high-dimensional
measurements just to compress and discard most
of the information, it may be possible to collect a
low-dimensional subsample or compression of the
data and then infer the sparse vector of coefficients
in the transformed coordinate system.

1.1 Theory of compressed sensing

Mathematically, a compressible signal x 2 Rn may
be written as a sparse vector s 2 Rn in a new basis
given by 2 Rn⇥n:

x =  s. (6)

The vector s is called K-sparse if there are exactly
K nonzero elements. To be able to represent any
natural signal, rather than just those from a tai-
lored category, the basis must be complete.

Consider a set of measurements y 2 Rp, ob-
tained via a measurement matrix C 2 Rp⇥n:

y = Cx = C s = ⇥s. (7)

In general, for p < n (7) is underdetermined,
and there are infinitely many solutions. The least-
squares (minimum ksk

2

) solution is not sparse,
and typically yields poor reconstruction. Instead,
knowing that natural signals are sparse, we seek

Panel 2: Image compression

F

F�1

Keep 5 %

Images and audio signals tend to be sparse
in Fourier or wavelet bases, providing the
foundation of JPEG and MP3 compression,
respectively.

X = imread(’cappuccino’,’jpeg’);
[nx,ny] = size(X);
S = fft2(X); % X = Psi

*

s

Ssort = sort(abs(S(:)));
thresh = Ssort(ceil(.95*nx*ny));
bigind = abs(S)>thresh; % big coeffs

Strunc = S.*bigind; % keep big coeffs

Xrecon = uint8(ifft2(Strunc));

the sparsest s consistent with the measurements y:

s = argmin

s

0
ks0k

0

, such that y = C s

0, (8)

where ksk
0

is the `
0

pseudo-norm corresponding to
the number of non-zero entries of s. Unfortunately,
this optimization problem is intractable, requiring
a combinatorial brute-force search across all sparse
vectors s. A major innovation of compressed sens-
ing is a set of conditions on the measurement ma-
trix C that allow the non-convex `

0

-minimization
in (8) to be relaxed to a convex `

1

-minimization:

s = argmin

s

0
ks0k

1

, such that y = C s

0, (9)

where ksk
1

=

Pn
k=1

|sk|. This formulation is
shown schematically in Fig. 1.

For the `
1

-minimization in (9) to yield the
sparsest solution in (8) with high probability, the
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y C  s ⇥ s

Figure 1: Compressed sensing provides the sparsest solution to an underdetermined linear system.

measurements C must be chosen so that ⇥ = C 

satisfies a restricted isometry property (RIP):

(1 � �K)ksk2
2

 kC sk2
2

 (1 + �K)ksk2
2

, (10)

where �K is a small positive restricted isometry con-
stant. In particular, there are two conditions on C

for a RIP to be satisfied for all K-sparse vectors s:

1. The measurements C must be incoherent with
respect to the basis . This incoherence means
that the rows of C are sufficiently uncorrelated
with the columns of , as quantified by µ:

µ(C, ) =

p
nmax

j,k
khck, jik. (11)

Small µ indicates better incoherent measure-
ments, with an optimal value of µ = 1. Here,
ck denotes the k-th row of C and  j the j-th
column of , both of which are assumed to be
normalized.

2. The number of measurements p must satisfy:

p ⇠ O(K log(n/K)). (12)

The K log(n/K) term above is generally mul-
tiplied by a small constant multiple of the in-
coherence. Thus, fewer measurements are re-
quired if they are less coherent.

Intuitively, the existence of a RIP implies
that the geometry of sparse vectors is preserved
through the measurement matrix C . Determin-
ing the exact constant �K may be extremely chal-
lenging in practice, and it tends to be more desir-
able to characterize the statistical properties of �K ,

as the measurement matrix C may be randomly
chosen. Panel 6 describes why it is not possible
to use QR pivot locations as optimized sensors for
compressed sensing, since they fail to identify the
sparse structure of an unknown signal.

Typically, a generic basis such as Fourier or
wavelets may be used to represent the signal
sparsely. Spatially localized measurements (i.e.,
single pixels in the case of an image) are optimally
incoherent with respect to the Fourier basis, so that
µ(C, ) = 1. Thus, single pixel measurements are
ideal because they excite a broadband frequency
response. In contrast, a measurement correspond-
ing to a fixed Fourier mode would be uninforma-
tive; if the signal is not sparse in this particular fre-
quency, this measurement provides no information
about the other Fourier modes. For many engi-
neering applications, spatially localized measure-
ments are desirable, as they correspond to phys-
ically realizable sensors, such as buoys placed in
the ocean.

One of the major results of compressed sens-
ing is that random projection measurements of the
state (i.e., entries of C that are Bernoulli or Gaus-
sian random variables) are incoherent with respect
to nearly any generic basis  . This result is truly
remarkable; however, the incoherence of random
projections is not optimal, and typically scales as
µ ⇠ p

2 log(n). Moreover, it may be difficult to ob-
tain random projections of the full state x in phys-
ical applications.

There are many alternative strategies to solve
for the sparsest solution to (7). Greedy algorithms
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Figure 2: Compressed sensing, applied to three-tone signal.

are often used [66, 67, 68, 69, 70, 71, 72, 73, 74],
including the compressed sampling matching pur-
suit (CoSaMP) algorithm [75].

1.2 Example: Compressed sensing

As a simple example, we consider a sparse signal
that is constructed as the sum of three distinct co-
sine waves:

x(t) = cos(2⇡⇥37t)+cos(2⇡⇥420t)+cos(2⇡⇥711t).

The Shannon-Nyquist sampling theorem [76, 77]
states that for full signal reconstruction, we must
sample at twice the highest frequency present,
indicating a theoretical minimum sampling rate
of 1422 Hz. However, since the signal is sparse,
we may sample at considerably lower than the
Nyquist rate, in this case at an average of 256 Hz,
shown in Fig. 2. Note that for accurate sparse sig-
nal reconstruction, these measurements must be
randomly spaced in time, so that the relative spac-
ing of consecutive points may be quite close or

quite far apart. Spacing points evenly with a sam-
pling rate of 256 Hz would alias the signal, result-
ing in poor reconstruction.

N = 4096;
t = linspace(0, 1, N);
x = cos(2*pi*37*t) + cos(2*pi*420*t)

+ cos(2*pi*711*t);

%% Randomly sample signal

p = 256; % num. samples, p=N/16

perm = randperm(N,p);
y = x(perm); % compressed measurement

%% Solve compressed sensing problem

Psi = dct(eye(N, N)); % build Psi

Theta = Psi(perm, :); % Measure Psi

cvx_begin; % L1-minimization with CVX

variable s(N);
minimize( norm(s,1) );
subject to

Theta*s == y’;
cvx_end;

xrecon = idct(s); % reconstruct x
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2 Optimal sparse sensing in a tai-
lored basis

The compressed sensing strategy above is ideal for
the recovery of a high-dimensional signal of un-
known content using random measurements in a
universal basis. However, if information is avail-
able about the type of signal (e.g., the signal is a
turbulent velocity field or an image of a human
face), it is possible to design optimized sensors that
are tailored for the particular signals of interest.
Dominant features are extracted from a training
dataset consisting of representative exaples, for ex-
ample using the proper orthogonal decomposition
(POD). These low-rank features, mined from pat-
terns in the data, facilitate the design of specialized
sensors that are tailored to a specific problem.

Low-rank embeddings, such as POD, have al-
ready been used in the ROM community to se-
lect measurements in the state space that are in-
formative for feature space reconstruction. The so-
called empirical interpolation methods seek the best
interpolation points for a given basis of POD fea-
tures. These methods have primarily been used
to speed up the evaluation of nonlinear terms in
high-dimensional, parameterized systems. How-
ever, the resulting interpolation points correspond
to measurements in state space, and their use for
data-driven sensor selection has largely been over-
looked. We will focus on this formulation of sensor
selection and explore sparse, convex, and greedy
optimization methods for solving it.

We begin with brief expositions on POD and
our mathematical formulation of sensor selection,
followed by an overview of broader sensor selec-
tion. We conclude this section with our general-
ized sensor selection method that connects empir-
ical interpolation methods, such as QR pivoting
to optimize condition number, with broader sen-
sor selection techniques. The QR pivoting method,
discussed in Sec. 2.3, is particularly favorable, as it
is fast, simple to implement, and provides nearly
optimal sensors tailored to a specific POD basis.
Throughout this section, we make explicit certain
connections shared with the broader sensor selec-
tion task, in which a subset of measurements is
chosen from a larger set of possible measurements.

2.1 Proper orthogonal decomposition

POD is a widespread data-driven dimensional-
ity reduction technique [13, 14] used in many
domains; it is also commonly known as the
Karhunen-Loève expansion, principal component
analysis (PCA) [80], and empirical orthogonal
functions [81]. POD expresses high-dimensional
states x 2 Rn as linear combinations of a small
number of orthonormal eigenmodes  (i.e., POD
modes) that define a low-dimensional embedding
space. States are projected into this POD subspace,
yielding a reduced representation that can be used
to streamline tasks that would normally be expen-
sive in the high-dimensional state space. This low-
rank embedding does not come for free, but in-
stead requires training data to tailor the POD ba-
sis to a specific problem. POD is illustrated on a
simple example of extracting coherent features in
images of human faces in Panel 3.

A low-dimensional representation of x in
terms of POD coefficients a can be lifted back to the
full state with a linear combination of POD modes:

x ⇡
rX

k=1

ak k.

For time-series data x(t), the coefficients ak(t) vary
in time and  k are purely spatial modes without
time dependence, resulting in a space-time separa-
tion of variables. Thus, care should be taken apply-
ing POD to data from a traveling wave problem.

The eigenmodes  k and POD coefficients ak
are easily obtained from the singular value decom-
position (SVD). Given a data matrix of state space
observations X = [x

1

x

2

. . . xm], the resulting
eigenmodes are the orthonormal left singular vec-
tors of X obtained via the SVD:

X =  ⌃V

T ⇡  r⌃rV
T
r . (13)

The matrices r and Vr contain the first r columns
of and V (left and right singular vectors, respec-
tively), and the diagonal matrix ⌃r contains the
first r ⇥ r block of ⌃ (singular values). The SVD
is the optimal least-squares approximation to the
data for a given rank r, as demonstrated by the
Eckart-Young theorem [82]:

X? = argmin

˜

X

kX � ˜

XkF s. t. rank(

˜

X) = r, (14)
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Panel 3: Proper orthogonal decomposition and eigenfaces

One of the most visually striking and intuitive applications of POD is the feature extraction of
facial images. These POD eigenmodes of these datasets are called eigenfaces due to their resem-
blance to generic human faces. We demonstrate this application of POD on the extended Yale B
dataset [78, 79], consisting of cropped and aligned images of several individuals in different light-
ing conditions. We obtain a resized version of the dataset in the form of MATLAB data files
from http://vision.ucsd.edu/˜leekc/ExtYaleDatabase/ExtYaleB.html. Each image is
a 32 ⇥ 32 matrix of grayscale pixel values, which is reshaped into a 1024 ⇥ 1 vector and stacked as a
column of a data matrix X. This example is a benchmark problem for sensor selection in Sec. 3.2.

meanface = mean(X,2);
X = X-repmat(meanface,1,size(X,2)); % mean centered data

Figure 3: Training images from Extended Yale B dataset will be used as inputs to POD.

% proper orthogonal decomposition

[Psi,S,V] = svd(X,’econ’);
eigenfaces = Psi(:,1:10);

Figure 4: First ten eigenfaces or POD modes successfully recover important facial information such
as the main facial features (eyes, nose, mouth) followed by depth information (brows, ridges, chin).

where X? =  r⌃rV
T
r , and k · kF is the Frobe-

nius norm. The low-dimensional vector of POD
coefficients for a state x is given by the orthogo-
nal projection a =  

T
r x. Thus, the POD is a widely

used dimensionality reduction technique for high-
dimensional systems. This reduction allows com-
putational speedup of numerical time-stepping,
parameter estimation, and control.

Choosing the intrinsic target rank without
magnifying noise in the data is a difficult task.
In practice, r is often chosen by thresholding the
singular values to capture some percentage of the
variance in the data. Gavish and Donoho [83] de-
rive an optimal hard threshold for singular values
based on the singular value distribution and aspect
ratio of the data matrix, assuming additive Gaus-
sian white noise of unknown variance. This thresh-
old criterion has been effective in practice, even in
cases where the noise is likely not Gaussian.

2.2 Sensor selection formulation

Sensor selection identifies optimized measure-
ments for reconstruction of unknown states x 2 Rn

that can be expanded in a known basis r

xj =

X

k

 jkak, (15)

where  jk is the coordinate form of  r. Consider
the p linear measurements of x stored in y = Cx,

yi =

X

j

Cijxj =

X

j

Cij

X

k

 jkak. (16)

When x is unknown, it can be reconstructed by ap-
proximating the unknown basis coefficients a with
the Moore-Penrose pseudoinverse, a = (C r)

†
y.

Note that the above equations are equivalent to (2)
and (3) from Panel 1. A schematic of sparse sam-
pling in a tailored basis r is shown in Fig. 5.
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y

=

C a

=

a

 r ⇥

Figure 5: Least squares with r sparse sensors pro-
vides a unique solution to a, hence x.

The goal of sparse measurement selection is
to choose a measurement matrix C representing
p distinct point measurements in state space, so
that C consists of p rows of the identity matrix.
Although more general linear measurements of x

may be admissible in some problems, point mea-
surements are physically appealing as spatially lo-
calized sensors. The row-wise sum c

+

=

P
j ck

satisfies kc+k
0

= p, where ck is the k-th row of
C. The sensor selection problem can be formu-
lated as choosing C to make the pseudoinverse of
⇥ = C r as well-conditioned as possible, thus
making the estimation of the coefficients in a ro-
bust to measurement noise on y. The condition
number is discussed in more detail in Panel 4.

Condition number minimization is the view-
point taken by the reduced-order modeling com-
munity for selecting point measurements within
a low-rank POD basis. These empirical interpo-
lation methods (EIM) [84] assume p = r sensors
so ⇥ is square and invertible. EIM and subse-
quent discrete variants such as DEIM [85] and Q-
DEIM [86] are greedy procedures that control the
condition number of (C r)

�1 by minimizing the
spectral norm (i.e. largest singular value)

C? = argmin

C

k(C r)
�1k

2

, (21)

where C is subject to the same structural con-
straints as above. Related strategies include select-
ing measurements at maxima of successive POD
modes or iteratively seeking measurements that
decrease the condition number of C r [87, 88].

This strategy is particularly advantageous
when only a few modes are required to character-
ize the data. When singular values decay slowly,
we may require p > r measurements for well-
conditioned reconstruction. In Sec. 2.3, we general-
ize one particular empirical interpolation method,
Q-DEIM, which uses QR pivoting to determine
sensor locations. In particular, we extend this
method to the case of p > r sensors, making it vi-
able for more general sensor selection and signifi-
cantly speeding up its computation.

2.2.1 General formulation

Sensor selection is more generally framed as fol-
lows: given a set of n possible measurement in-
dices V , select a subset of sensor indices S to op-
timize a carefully chosen function evaluating their
quality. The problem is mathematically realized as

max

S✓V
f(S) subject to constraints on S. (22)

This problem belongs to an area of research
called submodular function optimization, sur-
veyed in [89]. The so-called submodular function,
f(S) : 2

V 7! R, evaluates these subsets to some
scalar value, thus rendering a brute force search
over its entire domain (the power set of all pos-
sible subsets 2

V ) computationally intractable even
for moderate values of n.

Possible choices of f include mutual informa-
tion, entropy, estimation error covariance, and spa-
tial coverage of sensors. Often, even a single eval-
uation of f is expensive when matrix determinants
or factorizations are involved. The present work
aims to reconstruct states from measurements with
minimal variance of reconstruction error, which re-
quires maximizing the determinant of error covari-
ance matrices. The minimization of various error
metrics is an active topic in optimal experiment
design, for instance, the determinant or volume
(D-optimal), the trace or mean-squared error (A-
optimal), and maximum eigenvalue or worst-case
variance (e-optimal) of error covariance matrices.

Joshi and Boyd [90] frame sensor selection as
selecting p rows of  r that minimize the vol-
ume of the estimation error covariance matrix,
(C r)

T
C r = ⇥

T
⇥. Since matrix volume is the
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Panel 4: Condition number

The condition number of a matrix ⇥ gives a measure of how sensitive matrix multiplication or in-
version is to errors in the input, with larger condition number indicating worse performance. The
condition number (⇥) is given by the ratio of the maximum and minimum singular values of⇥:

(⇥) =

�
max

(⇥)

�
min

(⇥)

. (17)

To see the effect of the condition number on matrix multiplication, consider a square, invertible ⇥
and an input signal x that is contaminated by noise ✏

x

. Further, we consider the worst-case scenario
where x is aligned with the right singular vector of⇥ corresponding to the minimum singular value
�
min

(⇥) and where the error ✏
x

is aligned with the right singular vector of ⇥ corresponding to the
maximum singular value �

max

(⇥). Thus, error is scaled by �
max

while the signal is scaled by �
min

:

⇥ (x + ✏
x

) = �
min

x + �
max

✏
x

. (18)

Thus, we see that the signal to noise ratio (SNR) is reduced by a factor equal to the condition number:

SNRin =

x

✏
x

=) SNRout =

�
min

�
max

x

✏
x

= SNRin/. (19)

If the condition number is large, then error can be amplified relative to the signal. The ideal condition
number is 1, where⇥ has all singular values equal to 1, for example if⇥ is a unitary matrix.
Similarly, the sensitivity of the matrix inverse to error is also related to the condition number:

x + ✏
x

= ⇥

�1

(y + ✏
y

) . (20)

Again, worst-case scenario errors in the inversion are amplified by the condition number (this time
with the error being aligned with the singular vector corresponding to minimum singular value).
In general, a random error ✏

x

or ✏
y

will have some component in this worst-case direction, and will be
amplified by the maximum singular value of ⇥ or ⇥�1. Thus, it is desirable to explicitly control the
condition number of⇥ = C r by choice of the row selection operator C. For invertible matrices, the
condition numbers of⇥ and⇥�1 are the same. The discussion above generalizes for rectangular⇥.

absolute value of its determinant, the naive ap-
proach requires evaluating

�n
p

�
determinants over a

combinatorially large set of row-selected submatri-
ces. Instead, the authors approach this search with
a computationally tractable convex optimization

C

1

= argmax

C

logdet(C r)
T
C r

subject to kc+k
0

= p, c+i 2 [0, 1]. (23)

Each intermediate iteration of this method oper-
ates on an n ⇥ n matrix, so that storage require-
ments scale as O(n2

). Thus this approach is costly
for high-dimensional states. The authors frame r

as a general matrix whose rows are possible mea-

surements from which they select a subset of mea-
surements. However, this matrix is not explicitly
restricted to a POD basis, as proposed here.

2.3 Sparse sensor placement optimization
for reconstruction (SSPOR)

We develop a method that explicitly extends EIM
ideas to general sensor selection where the num-
ber of selected sensors may exceed the number of
POD basis modes, and we refer to this extension
as sparse sensor placement optimization for recon-
struction (SSPOR). The key computational idea en-
abling SSPOR is the QR factorization with column
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Panel 5: Sensor selection with tailored bases

`
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`
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`1

Figure 6: Progression of unit balls
kxkq = 1 of `q norm where q 2 [0,1].
`
0

, `
1

, `
2

, and `1 unit balls are out-
lined in black. Minimizing `q norms
when q 2 [0, 1] promotes sparsity
since these unit balls are oriented to-
ward the coordinate axes.

Method Objective Runtime
`
0

combinatorial search C

0

= argmax

C

logdet(C r)
T
C r

subject to kc+k
0

= p, c+i 2 {0, 1}

�n
p

�
determinant evaluations

`
1

convex optimization C

1

= argmax

C

logdet(C r)
T
C r

subject to kc+k
1

= p, c+i 2 [0, 1]

O(n3

) per iteration

SSPOR greedy Case p = r :  

T
r C

T
= QR

Case p > r : ( r 
T
r )C

T
= QR

O(n3

)

pivoting applied to the POD basis, which is known
as Q-DEIM in ROM settings. QR pivoting itself
dates back to the 1960s by Businger and Golub to
solve least-squares problems [91], and it has found
utility in various measurement selection applica-
tions [92, 93, 94]. Similar to empirical interpolation
methods such as DEIM, pivots from the QR fac-
torization optimally condition the measurement or
row selected POD basis, as described below.

Case where p = r: In empirical interpolation,
when selecting r interpolation points within r basis
modes  r, the pivoted QR yields an orthonormal
matrix Q, an upper triangular matrix R, and the
desired measurement pivot matrix C such that

 

T
r C

T
= QR. (24)

% QR sensor selection, p=K

[Q,R,pivot] = qr(Psi_r’,’vector’);
pivot = pivot(1:K)

Case where p > r: Based on the same principle
of pivoted QR to minimize matrix volume through
its condition number, the general sensor selection
is given by the pivoted QR factorization of r 

T
r ,

( r 
T
r )C

T
= QR. (25)

% QR sensor selection, p>K

[Q,R,pivot] = qr(Psi_r*Psi_r’,’vector
’);

pivot = pivot(1:p)

This requires an expensive QR factorization of an
n ⇥ n matrix, whose storage requirements scale
quadratically with state dimension. However, this
operation may be advantageous for several rea-
sons. The row selection given by the first p QR
pivots increase the leading r singular values of
⇥⇥

T , hence increasing det |⇥T
⇥| – the same ob-

jective maximized by the convex optimization of
Joshi and Boyd [90]; their method performs one
Cholesky factorization on an n⇥n matrix with run-
time O(n3

) per Newton iteration, and this must be
recomputed for each new choice of p. Our pro-
posed method only requires a single O(n3

) QR fac-
torization and results in a hierarchical list of all n
total pivots, with the first p pivots optimized for
reconstruction in  r for any p > r. Thus, addi-
tional sensors may be leveraged if available. Panel
5 summarizes the methods discussed.

The QR factorization is implemented and opti-
mized in most standard scientific computing pack-
ages and libraries, including MATLAB, LAPACK,
NumPy, among many others. In addition to
software-enabled acceleration, QR runtime can be
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Panel 6: Why QR pivoting does not work for compressed sensing

The QR pivoting algorithm can be used to efficiently find a sparse solution of an underdetermined
linear system y = ⇥s. In fact, in MATLAB, this is as simple as using the ‘\’ command:

>>s = Theta\y;

However, QR pivoting does not always provide the sparsest solution. In addition, the pivot locations,
and hence the nonzero entries in s, are determined entirely by ⇥. Therefore, the structure of the
nonzero coefficients in s have nothing to do with the specific signal or measurements. Given p > K
measurements of an unknown signal in a universal basis, the QR pivot algorithm will fail in two
ways: 1) it will return a sparse vector with p > K nonzero elements (instead of the desired K nonzero
elements), and 2) the nonzero elements will not depend on the frequency content of the actual signal.
This observation is illustrated on two test images below. Notice that the sparse coefficients for both
the mountain and cappuccino are the same, resulting in poor image reconstruction.
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significantly reduced by terminating the procedure
after the first p pivots are obtained. The operation
can be accelerated further using randomized tech-
niques, for instance, by the random selection of the
next pivot [86] or by using random projections to
select blocks of pivots [95, 96, 97]. Panel 6 shows
why QR pivoting does not find the sparsest vector
in an universal basis for compressed sensing.

Related sensor selection concepts generalize to

data-driven classification. For image classification
using linear discriminant analysis (LDA), sparse
sensors may be selected that map via POD modes
into the discriminating subspace [30]. Moreover,
sparse classification within libraries of POD modes
[98, 99, 40] can be improved by augmenting DEIM
samples with a genetic algorithm [100] or adapting
QR pivots for classification [58].
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3 Comparison of methods

In this section, sensor selection and signal recon-
struction algorithms are implemented and com-
pared on data from fluid dynamics, facial images,
and ocean surface temperatures. The examples
span a wide range of complexity, exhibit both rapid
and slow singular value decay, and come from
both static and dynamic systems.

In each example, optimized sensors obtained
in a tailored basis using the SSPOR/QR pivoting
algorithm (Sec. 2.3) outperform random measure-
ments in a universal basis using compressed sens-
ing (Sec. 1.1) for signal reconstruction. Moreover,
for the same reconstruction performance, many
fewer SSPOR/QR tailored sensors are required,
decreasing the cost associated with purchasing,
placing, and maintaining sensors, as well as reduc-
ing the latency in computations. Thus, for a well-
scoped reconstruction task with sufficient train-
ing data, we advocate principled sensor selection
rather than compressed sensing. When the struc-
ture of the underlying signal is unknown, then
compressed sensing provides more flexibility with
an associated increase in the number of sensors.

3.1 Flow past a cylinder

Fluid flow past a stationary cylinder is a canon-
ical example in fluid dynamics that is high-
dimensional yet reveals strongly periodic, low-
rank phenomena. It is included here as an ideal
system for reduction via POD and hence, minimal
sensor placement. The data is generated by nu-
merical simulation of the linearized Navier-Stokes
equations using the immersed boundary projec-
tion method (IBPM) based on a fast multi-domain
method [101, 102]. The computational domain con-
sists of four nested grids so that the finest grid cov-
ers a domain of 9 ⇥ 4 cylinder diameters and the
largest grid covers a domain of 72 ⇥ 32. Each grid
has resolution 450 ⇥ 200, and the simulation con-
sists of 151 timesteps with �t = 0.02. The Reynolds
number is 100, and the flow is characterized by
laminar periodic vortex shedding [103]. Vorticity
field snapshots are shown in Fig. 7.

The POD modes of this data reflect oscilla-
tory dynamics characterized by periodic vortex-
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Figure 7: Fluid flow past a cylinder at Reynolds
number 100, characterized by vortex shedding.

shedding. The data is low-rank, and the singu-
lar values decay rapidly, as shown in Fig. 8a. The
singular values occur in pairs corresponding to
harmonics of the dominant vortex shedding fre-
quency. Most of the spectral energy in the dataset
is captured by the first 42 POD modes. Thus the in-
trinsic rank of the dataset in POD feature space is
r = 42, and the minimal number of sensors given
by the SSPOR/QR method is p = 42. In this man-
ner we bypass the expensive QR factorization of
 r 

T
r , a matrix of dimensions 89351 ⇥ 89351.

Reconstruction from QR sensors (Fig. 8b) suc-
cessfully captures modal content with only p = r
sensors when fitting to the first 42 POD modes.
The first 42 POD modes characterize nearly 100%
of the system’s energy, the normalized sum of the
singular values. Using modes beyond r > 42 re-
sults in overfitting, and QR pivoting selects sen-
sors based on uninformative modes. Thus, accu-
racy stops improving beyond r = 42 target modes,
whereupon sensor data amplifies noise. How-
ever, these tailored sensors perform significantly
better than random sensors due to the favorable
conditioning properties of QR interpolation points.
Panel 7 illustrates the ability of optimized sensing
to significantly reduce the number of sensors re-
quired for a given performance.

3.2 Extended Yale B eigenfaces

Image processing and computer vision commonly
involve high-resolution data with dimension de-
termined by the number of pixels. Cameras and
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Panel 7: Selecting number of sensors p and rank r for flow past a cylinder

An overarching goal of optimized sensor placement is choosing the fewest p sensors for reconstruc-
tion. This sparse sensor optimization is facilitated by low-rank structure in the data (Fig. 8a) and
inherently involves a trade-off between the number of sensors and reconstruction accuracy. As seen
in Fig. 8b, effective sensor optimization moves the elbow of the reconstruction error curve down and
to the left, indicating accurate reconstruction with few sensors. Reducing the number of sensors may
be critically enabling when sensors are expensive or when low computational latency is desired.
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Figure 8: Illustration of singular value decay and sparse signal reconstruction in the fluid flow past
a cylinder example. (a) The exponential decay of singular values indicates low-rank dynamics with
a modal truncation at r = 42 modes, the last modes containing any meaningful spatial structure. (b)
Recovery with a minimal number of QR sensors with increasing POD basis rank is nearly as good as
a snapshot’s approximation in the same POD basis, and overfitting occurs beyond r > 42. Optimized
sensing remains orders of magnitude more accurate than reconstruction with random sensors.

recording devices capture massive images with
rapidly increasing pixel and temporal resolution.
However, most pixel information in an image can
be discarded for subject identification and auto-
mated decision-making tasks.

The extended Yale B face database [78, 79] is a
canonical dataset used for facial recognition, and it
is an ideal test bed for recovering low-rank struc-
ture from high-dimensional pixel space. The data
consists of 64 aligned facial images each of 38 sta-
tionary individuals in different lighting conditions.
We validate our sensor (pixel) selection strategy by
recovering missing pixel data in a validation im-
age using POD modes or eigenfaces trained on 32
randomly chosen images of each individual.

The normalized singular values are shown in
Fig. 9, and the Gavish-Donoho criterion [83] deter-
mines a singular value threshold at r = 166, in-
dicating the intrinsic rank of the training dataset.
Indeed, selected eigenfaces are also shown to re-
veal no meaningful facial structure beyond eigen-
face 166. QR pixel selection is performed on the
first 50 and first 166 eigenfaces, and selected pixels
shown in Fig. 10 cluster around important facial
features – eyes, nose and mouth.

The image reconstructions in Fig. 10 are es-
timated from the same number of selected pix-
els as the number of modes used for reconstruc-
tion. For instance, the 50 eigenface reconstruction
is uniquely constructed from 50 selected pixels out
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Figure 9: Normalized singular values and selected eigenfaces. Facial information progressively decreases
across selected eigenfaces, and no facial features can be readily discerned beyond eigenface r = 166, the
optimal Gavish-Donoho modal truncation value.
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Figure 10: Comparison of reconstruction and sensor selection methods. QR sensors emphasize facial
features such as the eyes, nose and mouth, and hence achieve adequate reconstruction with as few as 166
sensors (16% of all pixels). `

2

reconstruction with 50 QR sensors (5% of pixels) surpasses the performance
of compressed sensing with 300 random pixels. In comparison, compressed sensing requires 600 sampled
pixels for comparable recovery, while `

2

reconstruction with random sensors is consistently poor.

of 1024 total – 5% of available pixels. Even at lower
pixel selection rates, least-squares reconstruction
from QR selected pixels is more successful at filling
in missing data and recovering the subject’s face.

For comparison, reconstruction of the same
face from random pixels using compressed sens-
ing is shown in Fig. 10. Compressed sensing in
a universal Fourier basis demonstrates progres-

sively better global feature recovery. However,
more than triple the pixels are required for the
same quality of reconstruction as in QR selection.
Moreover, the convex `

1

optimization procedure
is extremely expensive compared to the single `

2

regression on subsampled eigenfaces. Therefore
data-driven feature selection and structured mea-
surement selection are of significant computational
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POR method for p = 2r > r sensors. SS-
POR sensors perform comparably to sensors
obtained via the convex optimization method
of Joshi and Boyd [90], and both are close to the
optimal approximation given by POD modes.
In contrast to the convex method, SSPOR sen-
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using the QR factorization of  r 
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Figure 12: SST singular values and selected modes. The Gavish-Donoho optimal threshold occurs at
r = 302. POD mode 302 contains energetic localized convective phenomena (El Niño) but is largely
uninformative on a global scale. Thus, overfitting may occur as more modes are included (see Fig. 14).

and predictive benefit, and occur at the small train-
ing expense of one SVD and pivoted QR operation.

The convergence of reconstruction with SSPOR
sensors is shown in Fig. 11. More sensors than
modes are used in reconstruction for this exam-
ple. The expected error dropoff is observed with
increasing number of modes and sensors, although
the dropoff is slower than for the cylinder flow
(Fig. 8b) due to slower decay of singular values.

3.3 Sea surface temperature (SST)

Next we consider the NOAA OLSST V2 global
ocean surface temperature dataset spanning the
duration 1990–2016. The data is publicly available

at https://www.esrl.noaa.gov/psd/. Un-
like eigenfaces, this dataset is a time series, for
which a snapshot is recorded every week. Sensor
selection must then track energetic temporal sig-
natures. Sensors and features are trained on the
first 16 years (832 snapshots), and a test snapshot
is selected from the excluded validation set. The
singular value distribution is shown in Fig. 12.

Like the eigenfaces, localized convective phe-
nomena have energetic contributions to otherwise
globally uninformative eigenssts. This is best seen
in the POD snapshot projections, in which the
100 eigensst projection already sufficiently recov-
ers dynamics, while increasing the number of
eigenssts in the projection further refines convec-
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Figure 13: QR selected sensors used for reconstruction. QR sensors are informative about ocean dynamics,
for example capturing convective phenomena such as the El Niño Southern Oscillation off coastal Peru.

tive phenomena. These lower-energy modes con-
taining convective effects contribute to some de-
gree of overfitting in `

2

reconstruction (Fig. 13).
The most interesting of these is the El Niño south-
ern oscillation (ENSO) feature that is clearly iden-
tified from QR selected sensors. El Niño is any
increase of a-b degrees lasting greater than six
months in this highlighted region of the South Pa-
cific. It has been implicated in global weather pat-
terns, warming and climate change.

Remark: Modal separation of intermittent phe-
nomena such as the El Niño is difficult from a time-
invariant POD analysis. Separation of isolated,
low-energy temporal events cannot be done from
a variance-characterizing decomposition such as
the POD – reordering the snapshots will yield the
same dominant modes. On the other hand, tensor
decompositions and temporal-frequency analyses
such as multi-resolution dynamic mode decompo-
sition have succeeded at identifying El Niño where
POD has failed. Sensor selection using non-normal
modes arising from such decompositions remains
an open problem and the focus of ongoing work.

4 Discussion

The efficient sensing of complex systems is an im-
portant challenge across the physical, biological,

social, and engineering sciences, with significant
implications for nearly all downstream tasks. In
this work, we have demonstrated the practical im-
plementation of several sparse sensing algorithms
on a number of relevant real-world examples. As
discussed throughout, there is no all-purpose strat-
egy for the sparse sensing of a high-dimensional
system. Instead, the choice depends on key fac-
tors such as the amount of training data avail-
able, the scope and focus of the desired estimation
task, cost constraints on the sensors themselves,
and the required latency of computations on sen-
sor data. Thus, we partition the sparse sensing al-
gorithms into two fundamental categories: 1) opti-
mized sensing in a data-driven tailored basis, and
2) random sensing in a universal basis.

A critical comparison of the two approaches
highlights a number of relative strengths and
weaknesses. The first strategy results in a highly
optimized set of sensors that are suitable for tightly
scoped reconstruction problems where sufficient
training data is available. The second strategy re-
quires more sensors for accurate reconstruction but
also makes fewer assumptions about the underly-
ing signal, making it more general. We emphasize
that optimized sensing in a tailored basis typically
provides more accurate signal reconstruction than
random measurements, facilitating a reduction in
the number of sensors by about a factor of two.
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Figure 14: Comparison of methods for reconstruction of a single snapshot from sensors. QR selected
sensors filter uninformative features and achieve better reconstruction. In comparison, random sensors
achieve poor reconstruction with `
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and compressed sensing. As the number of basis POD modes is
increased, modal approximation with the full state (top row) only gets marginally better, which indicates
additional features contribute low-energy uninformative features. Hence `

2

reconstruction expresses low-
energy POD modes and suffers from overfitting, with both random and to a lesser extent, QR sensors.

Further, sensor selection and signal reconstruction
in the tailored basis is computationally efficient
and simple to implement, while compressed sens-
ing generally requires a costly iterative algorithm.
In problems where sensors are expensive, or when
low-latency decisions are required, the reduction
in the number of sensors and the associated speed-
up of optimized sensing can be significant. Thus,
when the reconstruction task is well-scoped and a
sufficient volume of training data is available, we
advocate principled sensor selection rather than
compressed sensing.

4.1 Potential applied impact

Many fields in science and engineering rely on
sensing and imaging. Moreover, any application
involving feedback control for stabilization, per-
formance enhancement, or disturbance rejection
relies critically on the choice of sensors. We may
roughly categorize these sensor-critical problems
into two broad categories: 1) problems where sen-
sors are expensive and few (ocean sampling, dis-
ease monitoring, espionage, etc.), and 2) problems
where sensors are cheap and abundant (cameras,
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high-performance computation, etc.).
In the first category, where sensors come at

a high cost, the need for optimized sparse sen-
sors is clear. However, it is not always obvious
how to collect the training data required to opti-
mize these sensors. In some applications, high-
fidelity simulations may provide insight into co-
herent structures, whereas in other cases a large-
scale survey may be required. It has recently been
shown that it may be possible to optimize sensors
based on heavily subsampled data, as long as co-
herent structures are non-localized [30].

In the second category, where sensors are
readily available, it may still be advantageous
to identify key sensors for fast control decisions.
For example, in mobile applications, such as
vision-based control of a quad-rotor or underwa-
ter monitoring of an energy harvesting site us-
ing an autonomous underwater vehicle, compu-
tational and battery resources may be limited.
Restricting high-dimensional measurements to a
small subset of key pixels speeds up computa-
tion and reduces power consumption. Similar
performance enhancements are already exploited
in high-performance computing, where expensive
function evaluations are avoided by sampling at
key interpolation points [104, 85]. Finally, it may
also be the case that if measurements are corrupted
by noise, reconstruction may improve if uninfor-
mative sensors are selectively ignored.

4.2 Extensions to dynamics, control, and
multiscale physics

Data-driven sensor selection is generally used for
instantaneous full-state reconstruction, despite the
fact that many signals are generated by a dynam-
ical system [105, 14]. Even in reduced-order mod-
els, sensors are typically used to estimate nonlin-
ear terms instantaneously without taking advan-
tage of the underlying dynamics. However, it is
well known that for linear control systems [60, 59],
the high-dimensional state may be reconstructed
with few sensors, if not a single sensor, by lever-
aging the time history in conjunction with a model
of the dynamics, as exemplified by the Kalman fil-
ter [106, 107]. In dynamic estimation and control,
prior placement of sensors and actuators is gener-

ally assumed. Extending the sensor placement op-
timization to the model reduction [23, 24, 25] and
system identification [26, 108, 109, 110, 111, 112]
of linear control systems is an important avenue
of ongoing work. In particular, sensors and ac-
tuators may be chosen to increase the volume of
the controllability and observability Gramians, re-
lated to the original balanced truncation litera-
ture [23]. More generally, sensor and actuator
placement may be optimized for robustness [113,
114, 115, 116], or for network control and consen-
sus problems [117, 118, 119, 120, 121, 122, 123, 124].

The sensor placement algorithms discussed
above are rooted firmly in linear algebra, making
them readily extensible to linear control systems.
Recent advances in dynamical systems are provid-
ing techniques to embed nonlinear systems in a
linear framework through a suitable choice of mea-
surement functions of the state, opening up the pos-
sibility of optimized sensing for nonlinear systems.
As early as the 1930s, Koopman demonstrated that
a nonlinear system can be rewritten as an infinite-
dimensional linear operator on the Hilbert space
of measurement functions [125, 126]. This perspec-
tive did not gain traction until modern computa-
tion and data collection capabilities enabled the
analysis of large volumes of measurement data.

Mezic et al. [127, 128, 129, 130, 131, 132] have
developed much of the modern Koopman oper-
ator theory, and it has been shown that under
certain conditions DMD approximates the Koop-
man operator [15, 16, 17, 18]; sensor fusion is also
possible in the Koopman framework [133]. Re-
cently, Koopman analysis has been used to de-
velop nonlinear estimators [134, 135] and con-
trollers [136], although establishing rigorous con-
nections to control theory is an ongoing effort [137,
138, 139]. Koopman theory has also been used
to analyze chaotic dynamical systems from time-
series data [140, 141], relying on the Takens embed-
ding [142], which is related to sensor selection.

Modern Koopman theory may drive sensor
placement and the selection of nonlinear measure-
ment functions on the sensors to embed nonlinear
dynamics in a linear framework for optimal non-
linear estimation and control. This approach is
consistent with neural control systems, where bi-
ological sensor networks (e.g., strain sensors on an
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insect wing) are processed through nonlinear neu-
ral filters before being used for feedback control.

Beyond extending sensor selection to nonlin-
ear systems and control, there is a significant op-
portunity to apply principled sensor selection to
multiscale systems. Turbulence is an important
high-dimensional system that exhibits multiscale
phenomena [14, 143, 144, 145]. Data-driven ap-
proaches have been used to characterize turbu-
lent systems [1], including clustering [146], net-
work theory [147, 148], DMD-based model reduc-
tion [149, 150], and local POD subspaces [151],
to name a few. Recently, a multiresolution DMD
has been proposed [152], where a low-dimensional
subspace may locally characterize the attractor, de-
spite a high-dimensional global attractor. This ap-
proach may significantly reduce the number of
sensors needed for multiscale problems.

Reproducible Research

A MATLAB code supplement is available at
https://github.com/kmanohar/SSPOR_pub
[153] for reproducing results in this manuscript,
including:

1. Datasets in MATLAB file formats, or links to
data that are publicly available online;

2. MATLAB scripts to recreate figures of results.
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[54] H. Akaike, “A New Look at the Statistical Model Identi-
fication,” IEEE Transactions on Automatic Control, vol. 19,
pp. 716–723, dec 1974.

[55] G. Schwarz, “Estimating the dimension of a model,”
The Annals of Statistics, no. 6, pp. 461–464, 1978.

[56] D. Giannakis, A. J. Majda, and I. Horenko, “Informa-
tion theory, model error, and predictive skill of stochas-
tic models for complex nonlinear systems,” Physica D,
vol. 241, no. 20, pp. 1735–1752, 2012.

[57] N. M. Mangan, J. N. Kutz, S. L. Brunton, and J. L. Proc-
tor, “Model selection for dynamical systems via sparse
regression and information criteria,” arXiv preprint
arXiv:1701.01773, 2017.

[58] K. Manohar, S. L. Brunton, and J. N. Kutz, “Environ-
mental identification in flight using sparse approxima-
tion of wing strain,” Under revision for Journal of Fluids
and Structures, 2016.

[59] S. Skogestad and I. Postlethwaite, Multivariable feedback
control: analysis and design. Hoboken, New Jersey: John
Wiley & Sons, Inc., 2 ed., 2005.

[60] G. E. Dullerud and F. Paganini, A course in robust control
theory: A convex approach. Texts in Applied Mathemat-
ics, Berlin, Heidelberg: Springer, 2000.

[61] E. J. Candès and T. Tao, “Near optimal signal recovery
from random projections: Universal encoding strate-
gies?,” IEEE Transactions on Information Theory, vol. 52,
no. 12, pp. 5406–5425, 2006.

[62] E. J. Candès, J. Romberg, and T. Tao, “Robust un-
certainty principles: exact signal reconstruction from
highly incomplete frequency information,” IEEE Trans-
actions on Information Theory, vol. 52, no. 2, pp. 489–509,
2006.

[63] E. J. Candès, “Compressive sensing,” Proceedings of the
International Congress of Mathematics, 2006.

[64] E. J. Candès and M. B. Wakin, “An introduction to com-
pressive sampling,” IEEE Signal Processing Magazine,
pp. 21–30, 2008.

[65] R. G. Baraniuk, V. Cevher, M. F. Duarte, and C. Hegde,
“Model-based compressive sensing,” IEEE Transactions
on Information Theory, vol. 56, no. 4, pp. 1982–2001, 2010.

[66] J. A. Tropp, “Greed is good: Algorithmic results for
sparse approximation,” IEEE Transactions on Information
Theory, vol. 50, no. 10, pp. 2231–2242, 2004.

[67] J. A. Tropp, “Recovery of short, complex linear combi-
nations via l1 minimization,” IEEE Transactions on Infor-
mation Theory, vol. 51, no. 4, pp. 1568–1570, 2005.

[68] J. A. Tropp, “Just relax: Convex programming methods
for identifying sparse signals in noise,” IEEE Transac-
tions on Information Theory, vol. 52, no. 3, pp. 1030–1051,
2006.

[69] J. A. Tropp, A. C. Gilbert, and M. J. Strauss, “Algorithms
for simultaneous sparse approximation. part i: Greedy
pursuit,” Signal Processing, vol. 86, no. 3, pp. 572–588,
2006.

[70] J. A. Tropp, “Algorithms for simultaneous sparse ap-
proximation. part ii: Convex relaxation,” Signal Process-
ing, vol. 86, no. 3, pp. 589–602, 2006.

[71] J. A. Tropp and A. C. Gilbert, “Signal recovery from ran-
dom measurements via orthogonal matching pursuit,”
IEEE Transactions on Information Theory, vol. 53, no. 12,
pp. 4655–4666, 2007.

[72] J. A. Tropp, J. N. Laska, M. F. Duarte, J. K. Romberg, and
R. G. Baraniuk, “Beyond Nyquist: Efficient sampling of
sparse bandlimited signals,” IEEE Transactions on Infor-
mation Theory, vol. 56, no. 1, pp. 520–544, 2010.

[73] A. C. Gilbert and P. Indyk, “Sparse recovery using
sparse matrices,” Proceedings of the IEEE, vol. 98, no. 6,
pp. 937–947, 2010.

[74] A. C. Gilbert, J. Y. Park, and M. B. Wakin, “Sketched
SVD: Recovering spectral features from compressive
measurements,” ArXiv e-prints, 2012.

[75] D. Needell and J. A. Tropp, “CoSaMP: iterative sig-
nal recovery from incomplete and inaccurate samples,”
Communications of the ACM, vol. 53, no. 12, pp. 93–100,
2010.

[76] H. Nyquist, “Certain topics in telegraph transmission
theory,” Transactions of the A. I. E. E., pp. 617–644, FEB
1928.

22



[77] C. E. Shannon, “A mathematical theory of commu-
nication,” Bell System Technical Journal, vol. 27, no. 3,
pp. 379–423, 1948.

[78] A. Georghiades, P. Belhumeur, and D. Kriegman, “From
few to many: Illumination cone models for face recog-
nition under variable lighting and pose,” IEEE Trans.
Pattern Anal. Mach. Intelligence, vol. 23, no. 6, pp. 643–
660, 2001.

[79] K. Lee, J. Ho, and D. Kriegman, “Acquiring linear sub-
spaces for face recognition under variable lighting,”
IEEE Trans. Pattern Anal. Mach. Intelligence, vol. 27, no. 5,
pp. 684–698, 2005.

[80] K. Pearson, “On lines and planes of closest fit to systems
of points in space.,” Philosophical Magazine, vol. 2, no. 7–
12, pp. 559–572, 1901.

[81] E. N. Lorenz, “Empirical orthogonal functions and
statistical weather prediction,” technical report, Mas-
sachusetts Institute of Technology, Dec. 1956.

[82] C. Eckart and G. Young, “The approximation of one
matrix by another of lower rank,” Psychometrika, vol. 1,
no. 3, pp. 211–218, 1936.

[83] M. Gavish and D. L. Donoho, “The optimal hard thresh-
old for singular values is 4/

p
3,” IEEE Transactions on

Information Theory, vol. 60, no. 8, pp. 5040–5053, 2014.

[84] M. Barrault, Y. Maday, N. C. Nguyen, and A. T. Patera,
“An ‘empirical interpolation’method: application to ef-
ficient reduced-basis discretization of partial differen-
tial equations,” Comptes Rendus Mathematique, vol. 339,
no. 9, pp. 667–672, 2004.

[85] S. Chaturantabut and D. C. Sorensen, “Nonlinear
model reduction via discrete empirical interpolation,”
SIAM Journal on Scientific Computing, vol. 32, no. 5,
pp. 2737–2764, 2010.

[86] Z. Drmac and S. Gugercin, “A new selection opera-
tor for the discrete empirical interpolation method—
improved a priori error bound and extensions,” SIAM
Journal on Scientific Computing, vol. 38, no. 2, pp. A631–
A648, 2016.

[87] B. Yildirim, C. Chryssostomidis, and G. E. Karni-
adakis, “Efficient sensor placement for ocean measure-
ments using low-dimensional concepts,” Ocean Mod-
elling, vol. 27, no. 3, pp. 160–173, 2009.

[88] K. Willcox, “Unsteady flow sensing and estimation via
the gappy proper orthogonal decomposition,” Comput-
ers & Fluids, vol. 35, no. 2, pp. 208–226, 2006.

[89] A. Krause and D. Golovin, “Submodular function maxi-
mization,” Tractability: Practical Approaches to Hard Prob-
lems, vol. 3, no. 19, p. 8, 2012.

[90] S. Joshi and S. Boyd, “Sensor selection via convex
optimization,” IEEE Transactions on Signal Processing,
vol. 57, no. 2, pp. 451–462, 2009.

[91] P. Businger and G. H. Golub, “Linear least squares so-
lutions by Householder transformations,” Numerische
Mathematik, vol. 7, no. 3, pp. 269–276, 1965.

[92] L. P. Heck, J. Olkin, and K. Naghshineh, “Transducer
placement for broadband active vibration control using
a novel multidimensional QR factorization,” Journal of
vibration and acoustics, vol. 120, no. 3, pp. 663–670, 1998.

[93] A. Sommariva and M. Vianello, “Computing approx-
imate Fekete points by QR factorizations of Vander-
monde matrices,” Computers &amp; Mathematics with
Applications, vol. 57, no. 8, pp. 1324–1336, 2009.

[94] P. Seshadri, A. Narayan, and S. Mahadevan, “Optimal
quadrature subsampling for least squares polynomial
approximations,” arXiv preprint arXiv:1601.05470, 2016.

[95] P.-G. Martinsson, “Blocked rank-revealing qr factoriza-
tions: How randomized sampling can be used to avoid
single-vector pivoting,” arXiv preprint arXiv:1505.08115,
2015.

[96] P.-G. Martinsson, G. Quintana-Orti, N. Heavner, and
R. van de Geijn, “Householder qr factorization: Adding
randomization for column pivoting. flame working
note# 78,” arXiv preprint arXiv:1512.02671, 2015.

[97] J. A. Duersch and M. Gu, “True blas-3 perfor-
mance qrcp using random sampling,” arXiv preprint
arXiv:1509.06820, 2015.

[98] J. Wright, A. Yang, A. Ganesh, S. Sastry, and Y. Ma, “Ro-
bust face recognition via sparse representation,” IEEE
Transactions on Pattern Analysis and Machine Intelligence
(PAMI), vol. 31, no. 2, pp. 210–227, 2009.

[99] I. Bright, G. Lin, and J. N. Kutz, “Compressive sensing
and machine learning strategies for characterizing the
flow around a cylinder with limited pressure measure-
ments,” Physics of Fluids, vol. 25, no. 127102, pp. 1–15,
2013.

[100] S. Sargsyan, S. L. Brunton, and J. N. Kutz, “Nonlinear
model reduction for dynamical systems using sparse
sensor locations from learned libraries,” Physical Review
E, vol. 92, no. 033304, 2015.

[101] K. Taira and T. Colonius, “The immersed boundary
method: a projection approach.,” Journal of Computa-
tional Physics, vol. 225, no. 2, pp. 2118–2137, 2007.

[102] T. Colonius and K. Taira, “A fast immersed boundary
method using a nullspace approach and multi-domain
far-field boundary conditions,” Computer Methods in
Applied Mechanics and Engineering, vol. 197, pp. 2131–
2146, 2008.

[103] B. R. Noack, K. Afanasiev, M. Morzynski, G. Tadmor,
and F. Thiele, “A hierarchy of low-dimensional mod-
els for the transient and post-transient cylinder wake,”
Journal of Fluid Mechanics, vol. 497, pp. 335–363, 2003.

[104] S. Chaturantabut and D. C. Sorensen, “A state space
error estimate for POD-DEIM nonlinear model reduc-
tion,” SIAM Journal on numerical analysis, vol. 50, no. 1,
pp. 46–63, 2012.

[105] P. Holmes and J. Guckenheimer, Nonlinear oscillations,
dynamical systems, and bifurcations of vector fields, vol. 42
of Applied Mathematical Sciences. Springer, 1983.

23



[106] R. E. Kalman, “A new approach to linear filtering
and prediction problems,” Journal of Fluids Engineering,
vol. 82, no. 1, pp. 35–45, 1960.

[107] G. Welch and G. Bishop, “An introduction to the
Kalman filter,” 1995.

[108] L. Ljung, System Identification: Theory for the User. Pren-
tice Hall, 1999.

[109] J. N. Juang, M. Phan, L. G. Horta, and R. W. Longman,
“Identification of observer/Kalman filter Markov pa-
rameters: Theory and experiments,” Technical Memo-
randum 104069, NASA, 1991.

[110] J. N. Juang, Applied System Identification. Upper Saddle
River, New Jersey: Prentice Hall PTR, 1994.

[111] M. Phan, J. N. Juang, and R. W. Longman, “Identifica-
tion of linear-multivariable systems by identification of
observers with assigned real eigenvalues,” The Journal
of the Astronautical Sciences, vol. 40, no. 2, pp. 261–279,
1992.

[112] M. Phan, L. G. Horta, J. N. Juang, and R. W. Longman,
“Linear system identification via an asymptotically sta-
ble observer,” Journal of Optimization Theory and Applica-
tions, vol. 79, pp. 59–86, 1993.

[113] J. C. Doyle, “Guaranteed margins for LQG regulators,”
IEEE Transactions on Automatic Control, vol. 23, no. 4,
pp. 756–757, 1978.

[114] J. C. Doyle and G. Stein, “Multivariable feedback de-
sign: concepts for a classical/modern synthesis,” IEEE
Transactions on Automatic Control, vol. 26, no. 1, pp. 4–16,
1981.

[115] J. C. Doyle, K. Glover, P. P. Khargonekar, and B. A. Fran-
cis, “State-space solutions to standard H2 and H1 con-
trol problems,” IEEE Transactions on Automatic Control,
vol. 34, no. 8, pp. 831–847, 1989.

[116] K. Glover and J. C. Doyle, “State-space formulae for all
stabilizing controllers that satisfy an h1-norm bound
and relations to risk sensitivity,” Systems & Control Let-
ters, vol. 11, pp. 167–172, 1988.

[117] N. E. Leonard and E. Fiorelli, “Virtual leaders, artificial
potentials and coordinated control of groups,” in Deci-
sion and Control, 2001. Proceedings of the 40th IEEE Con-
ference on, vol. 3, pp. 2968–2973, IEEE, 2001.

[118] R. Olfati-Saber and R. M. Murray, “Consensus prob-
lems in networks of agents with switching topology
and time-delays,” Automatic Control, IEEE Transactions
on, vol. 49, no. 9, pp. 1520–1533, 2004.

[119] M. Mesbahi, “On state-dependent dynamic graphs
and their controllability properties,” Automatic Control,
IEEE Transactions on, vol. 50, no. 3, pp. 387–392, 2005.

[120] J. C. Doyle, D. L. Alderson, L. Li, S. Low, M. Roughan,
S. Shalunov, R. Tanaka, and W. Willinger, “The “robust
yet fragile” nature of the internet,” Proceedings of the Na-
tional Academy of Sciences of the United States of America,
vol. 102, no. 41, pp. 14497–14502, 2005.

[121] R. Olfati-Saber, A. Fax, and R. M. Murray, “Consensus
and cooperation in networked multi-agent systems,”
Proceedings of the IEEE, vol. 95, no. 1, pp. 215–233, 2007.

[122] N. E. Leonard, D. A. Paley, F. Lekien, R. Sepulchre,
D. M. Fratantoni, and R. E. Davis, “Collective motion,
sensor networks, and ocean sampling,” Proceedings of
the IEEE, vol. 95, no. 1, pp. 48–74, 2007.

[123] M. Mesbahi and M. Egerstedt, Graph theoretic methods in
multiagent networks. Princeton University Press, 2010.

[124] A. Rahmani, M. Ji, M. Mesbahi, and M. Egerstedt,
“Controllability of multi-agent systems from a graph-
theoretic perspective,” SIAM J. on Control and Optimiza-
tion, vol. 48, no. 1, pp. 162–186, 2009.

[125] B. O. Koopman, “Hamiltonian systems and transfor-
mation in Hilbert space,” Proceedings of the National
Academy of Sciences, vol. 17, no. 5, pp. 315–318, 1931.

[126] B. O. Koopman and J.-v. Neumann, “Dynamical sys-
tems of continuous spectra,” Proceedings of the National
Academy of Sciences of the United States of America, vol. 18,
no. 3, p. 255, 1932.
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